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TH-FORKING, ALGEBRAIC INDEPENDENCE AND
EXAMPLES OF ROSY THEORIES.
ALF ONSHUUS
1. Introdution
In [Ons℄ we developed the notions of þ-independene and þ-ranks whih
dene a geometri independene relation in a lass of theories whih we alled
rosy. We proved that rosy theories inlude simple and o-minimal theories
and that for any theory for whih the stable forking onjeture was true,
þ-forking oinides with forking independene.
In this artile, we ontinue to study properties of þ-forking and examples
of rosy theories. In the rst setion we reall the denitions and basi results
proved in [Ons℄. In setion 2 we study alternative ways to haraterize rosy
theories and we prove the oordinatization theorem, whih will prove very
useful when studying examples of superrosy theories. In setion 3 we prove
that given any theory T with weak elimination of imaginaries and in whih
algebrai independene denes a geometri independene relation, T is rosy
and þ-forking agrees with algebrai independene. Finally, in setion 4 we
study two examples of rosy theories. We prove that pseudo real losed elds
(PRC-elds) are rosy and that whenever one has a large dierential eld
whose restrition to the language of rings is a model omplete rosy eld,
the model ompanion (as dened by Tressl in [Tre℄) is also rosy. This is an
extension of the result we had in [Ons02℄ for losed ordered dierential elds.
Throughout this artile we assume familiarity with the terminology, de-
nitions and basi results in stability and simpliity theory. We work with rst
order theories whih will generally be denoted by T . As is usual in stability
theory, unless otherwise speied, we work inside a monster model Ceq of T .
By onvention lower ase letters a, b, c, d will in general represent tuples (of
imaginaries) unless otherwise speied, and upper ase letters will represent
sets. Greek letters suh as δ, σ, ψ, φ will be used for formulas. Given a set A
and a tuple a, the type of a over A will be denoted by tp(a/A)) and we will
abbreviate tp(a/Ab) does not fork over A as a |⌣A b.
1.1. Preliminaries and notation. We reall the denitions of þ-forking
and rosy theories and the main results proved in [Ons℄. The main denitions
we work with are the following:
Denition 1.1. A formula δ(x, a) strongly divides over A if tp(a/A) is
non-algebrai and {δ(x, a′)}a′|=tp(a/A) is k-inonsistent for some k ∈ N.
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We say that δ(x, a) þ-divides over A if we an nd some tuple c suh that
δ(x, a) strongly divides over Ac.
A formula þ-forks over A if it implies a (nite) disjuntion of formulae
whih þ-divide over A.
As is done with the standard forking, we say that the type p(x) þ-divides
over A if there is a formula in p(x) whih þ-divides over A; þ-forking is
similarly denoted. We say that a is þ-independent of b over A, denoted
a |⌣þA b, if tp (a/Ab) does not þ-fork over A.
As we mentioned before, þ-forking denes an independene relation in
a large lass of theories alled rosy theories whih inludes simple and o-
minimal strutures. Before we are able to give the denition of rosy theories
we must rst dene the lass of ranks that is assoiated with þ-forking.
Denition 1.2. Given a formula φ, a set ∆ of formulas in the variables x; y,
a set of formulae Π in the variables y; z (with z possibly of innite length)
and a number k, we dene þ(φ,∆,Π, k) indutively as follows:
(1) þ(φ,∆,Π, k) ≥ 0 if φ is onsistent.
(2) For λ limit ordinal, þ(φ,∆,Π, k) ≥ λ if and only if þ(φ,∆,Π, k) ≥ α
for all α < λ
(3) þ(φ,∆,Π, k) ≥ α+1 if and only if there is a δ ∈ ∆, some π(y; z) ∈ Π
and parameters c suh that
(a) þ(φ ∧ δ (x, a) ,∆,Π, k) ≥ α for innitely many a |= π(y; c)
(b) {δ (x, a)}a|=pi(y;c) is k−inonsistent
A theory is alled rosy if all of its þ-ranks are dened. It is lear from
the denitions that all simple theories are rosy (for any þ-rank we an easily
nd a D-rank suh that the value is bigger for all formulas). We also have
the following theorem.
Theorem 1.1.1. In a rosy theory þ-forking has all the properties of a geo-
metri independene relation.
We should point out that the independene theorem does not always work
for þ-forking (as evidened by the fat that it does dene an independene
relation in o-minimal theories) and we therefore annot onlude that þ-
forking is the same as forking when restrited to simple theories. We do
know that in all stable and supersimple theories (and in fat in any simple
theory for whih þ-forking satises the stable forking onjeture) forking is
the same as þ-forking
1
.
2. Charaterization of Rosy Theories and Coordinatization
Theory
In this setion we study alternative ways of haraterizing þ-forking. We
prove that symmetry and loal harater of þ-forking are both harateristis
1
Clifton Ealy has extended this result to all simple theories that satisfy elimination of
hyperimaginaries
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that imply rosiness. We also prove the oordinatization theorem (proved by
Hart, Kim and Pillay - [HKP00℄- for simple theories).
Remark 2.0.2. Given any type p over some set B ⊃ A, if p is nitely
satisable over A then it does not þ-fork over A.
Proof. We know that if a type is nitely satisable it does not fork over A.
A fortiori, it annot þ-fork. 
For the proofs in this setion we use repeatedly the following result. The
proof is very similar to its simple theoreti analogue ([Wag00℄ 2.3.7).
Lemma 2.0.3. Let þ(x = x, φ, π, k) ≥ n for all n < ω. Then for every
linearly ordered index set I, there are
(1) An indisernible sequene (biai : i ∈ I) suh that |= φ(bi, aj) for any
j ≤ i and φ(x, ai) þ-forks over {aj | j < i}.
(2) A tuple b and a b-indisernible innite sequene 〈ai〉 suh that |=
φ(b, ai) and φ(x, ai) þ-forks over {aj | j < i}.
Proof. 1. By denition of þ-rank, given p(x) a partial type over A, if
þ(p(x), φ, π, k) ≥ n+1 we an nd tuples a, b, c suh that |= φ(b, a)∧π(a, c),
tp(a/Ac) is non algebrai, þ(p(x)∪{φ(x, a)}, φ, π, k) ≥ n and {φ(x, a′)}a′|=pi(y,c)
is k-inonsistent. Thus, for every n, we an nd by indution tuples 〈ani , bni , cni 〉i≤n
suh that bni |= φ(x, anj ) for any j ≤ i, {φ(x, a′)}a′|=pi(y,cni ) is k-inonsistent,
tp(ani /Ac
n
i a
n
0 , a
n
1 , . . . a
n
i−1) is non-algebrai and
þ

⋃
j≤i
{φ(x, anj )}, φ, π, k

 ≥ n− i.
By ompatness we an build a similar sequene of any given length and
using Ramsey's theorem and ompatness we an nd one suh sequene
suh that 〈aibi〉 is indisernible.
2. Is a partiular ase of the sequene we get above with b = bω.

Remark 2.0.4. We are atually proving something slightly stronger. If in
the previous lemma we assume that for some type p(x), þ(p(x), φ, π, k) > n
for all n < ω, then we an atually get all the b's and bi's in the onlusions
satisfying p(x).
2.1. Charaterizations by Loal Charater and Symmetry.
Theorem 2.1.1. A theory is rosy if and only if þ-forking satises loal
harater.
Proof. To prove the left to right impliation, assume that all the þ-ranks are
nite. Fixing a type p, for any formulas φ, π and any integer k, there must
be some nite tuple aφpik suh that þ(p, φ, π, k)=þ(p ↾ aφpik, φ, π, k). Then,
if we let A be the union of all suh tuples, |A| ≤ |T | and p does not þ-fork
over A.
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For the other diretion, assume that D(x = x, φ, π, k) ≮ ω. By 2.0.3
there is some b and some b-indisernible sequene 〈ai〉i∈|T |+ suh that for
any i ∈ |T |+, φ(x, ai) þ-divides over {aj | j < i} and b |= φ(x, ai). Let
A = {ai | i ∈ |T |+}. Now, given any A0 ⊂ A of ardinality |T |, let λ be
some ordinal in |T |+ suh that A0 ⊂ {aj | j < λ}. Then φ(b, aλ) ∈ tp(b/A)
and it þ-forks over A0, ontraditing loal harater for tp(b/A). 
Theorem 2.1.2. A theory is rosy if and only if þ-forking satises symmetry.
Proof. The left to right impliation follows from þ-forking being a geometri
independene relation in rosy theories. For the other impliation, let us
assume again that D(x = x, φ, π, k) ≮ ω) and by 2.0.3 there is some b, some
b-indisernible sequene 〈ai〉i≤ω and some φ(x, y) suh that for all i we have
that b |= φ(x, ai) and φ(x, ai) þ-divides (and therefore it þ-forks) over {aj |
j < i}. By indisernibility, tp(aω/ba1, . . . , an, . . . ) is nitely satisable over
a1, . . . , an . . . and thus it does not þ-fork over a1, . . . , an . . . . On the other
hand b |= φ(x, aω) so in any non-rosy theory, þ-forking is not symmetri. 
2.2. Coordinatization. All the denitions and results in this subsetion
analogues of simple theoreti results proved in [HKP00℄; the proofs are very
similar.
Denition 2.1. We say that a theory T is nitely oordinatized by a set of
types P if P is losed under automorphisms and for any type p(x) over a
tuple a there is some n ∈ ω and a sequene a0, . . . , an with a0 = ∅, an = a
and tp(ai/ai−1) ∈ P.
Denition 2.2. Given any type p ∈ S(T ), we say that p is rosy if all of its
extensions satisfy loal harater for þ-forking.
Lemma 2.2.1. Let p(x) be any type. Then þ(p(x), δ, π, k) < ω for all for-
mulas δ, π and all k ∈ N if and only if p(x) is rosy.
Proof. Using 2.0.4 the result follows from the proof of 2.1.1. 
Theorem 2.2.2. If T is oordinatized by rosy types, then it is rosy.
Proof. Let a be any tuple, and A be a set; we an assume a itself is a
oordinatizing sequene (after maybe adding entries to a) of size, say, n. We
will prove that for any φ, π, k, þ(tp(a/A), φ, π, k) is nite by indution on n.
If n = 1 the result follows from 2.2.1. So let us assume a = bc where b is
a (oordinatizing) sequene of size n − 1 and c is a singleton. By indution
hypothesis, there is some A0 ⊂ A of size less than |T | suh that tp(b/A)
does not þ-fork over A0. By loal harater (maybe after inreasing A0 but
keeping its size smaller than |T |) we an assume tp(c/Ab) does not þ-fork over
A0b. By partial left transitivity ([Ons℄ lemma 2.1.5) we get that tp(bc/A)
does not þ-fork over A0. 
Denition 2.3. A theory T is þ-minimal if for any model M |= T , any
a ∈M1 and any A ⊂M , tp(a/A) þ-forks over ∅ if and only if a is algebrai
over A.
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Corollary 2.2.3. Given a omplete theory T , let M |= T be a model of T .
Then, if for all elements a ∈ M1 and all sets A ⊂ M Uþ(a/A) ≤ 1, T is
superrosy. In partiular, any þ-minimal theory is superrosy.
Proof. Clearly the set of all types of single elements oordinatizes the theory.
Being þ-minimal is equivalent to have the U
þ
-rank of any suh type (and
therefore all the þ-ranks) be at most 1 and by 2.2.1 any type in S1(T ) is rosy.
By theorem 2.2.2 T is rosy and by Lasar's inequalities for rosy theories it
is in fat superrosy.
Finally, let T be þ-minimal, p ∈ S1(T ) be a type over A, q be a type over
B ⊃ A extending p and let a be an element satisfying q. If q is not algebrai,
then q does not þ-fork over the empty set and it is rosy. If q is algebrai,
then there is some nite C ⊂ B suh that tp(a/C) is algebrai and q does
not þ-fork over C. 
3. þ-Forking and Algebrai Independene in Non-Saturated
Models
Besides simple theories, most examples of theories with an independene
relation are those for whih algebrai independene satises the Steinitz ex-
hange property. In this setion we prove that if algebrai independene is a
geometri independene relation and one has elimination of imaginaries the
theory is rosy and algebrai independene orresponds to þ-forking.
This results were proved in [Ons02℄ when we were studying what (weak-
ened) version of amalgamation of independent types one ould prove for þ-
forking in a general rosy theory. It is known (see for example [Kim96℄) that
the only independene relation satisfying symmetry, loal harater, tran-
sitivity and having amalgamation for independent types (the independene
theorem) was the non forking relation inside a simple theory. This means
that the only rosy theories in whih þ-forking an have the independene
theorem are simple theories in whih þ-forking agrees with forking.
However, in our main non-simple examples (o-minimal theories) the fol-
lowing amalgamation theorem is true:
Consistent Amalgamation. Let p(x) be a omplete type over some set
A. Let p(x, a) and q(x, b) be two non-þ-forking extensions of p(x) suh that
a |⌣þA b. Then, either p(x, a)∪ p(x, b) is inonsistent, or it is a non-þ-forking
extension of p(x).
All the examples of rosy theories mentioned here have onsistent amal-
gamation. The results in this setion were used to nd an example of a
rosy theory that does not have onsistent amalgamation. The details of the
onstrution an be found in [Ons02℄.
3.1. þ-forking in non-saturated models. Up until now we have followed
the simple theoreti approah of working inside a large saturated model
C |= T . In simple theories this is neessary to understand the behavior of
forking-independene in T , mainly beause the denition of forking requires
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indisernible sequenes and the existene of suh sequenes varies inside dif-
ferent models of T . We prove that, even though we still need some saturation
to fully understand the behavior of þ-forking, the amount of saturation we
need is far from what we need to study simple theories.
Denition 3.1. Let T be a theory, M be a model of T and C be a monster
model of T ontaining M .
Given a set A in M , the algebrai losure of A in M , whih we denote as
aclM (A), is the set of elements b in M suh that tp(b/A) has innitely many
realizations in M .
A model M |= T is weakly ω-saturated if for any c ∈ M any formula of
the form
φ (x1, x2, . . . , xn; c)
if there are a1, a2, . . . , an in C suh that C |= φ(a1, . . . , an; c) and for any
i ai /∈ acl(ai+1, . . . an, c) then there are b1, b2, . . . , bn in M suh that M |=
φ(b1, . . . , bn; c) and for any i bi /∈ aclM (bi+1, . . . bn, c).
Theorem 3.1.1. Let M be a model of T that is weakly ω-saturated. Then
þ-forking dependene (between tuples in M) is allways witnessed by elements
in M .
This is, if a, b ∈M , A ⊂M and a 6 |⌣þA b then there are formulas ψi(x, bi),
bi ∈M and tuples ci ∈M suh that
• tp(a/Ab) |= ∨mi=1 ψi(x, bi),
• {ψi(x, b′i)}b′i|=tp(bi/Aci) is k-inonsistent and• tp(bi/Aci) has innitely many realizations in M .
Proof. k-inonsisteny an be witnessed by a formula so all three of the
statements follow from the denition of þ-forking and weak ω-saturation. 
Corollary 3.1.2. A theory T is þ-minimal if and only if for any weakly
ω-stable model M , any tuples a, b ∈ M1 and any nite A ⊂ M , a 6 |⌣þA b
if and only if tp(a/Ab) is algebrai in M and tp(a/A) has innitely many
realizations (in M).
3.2. þ-Forking and algebrai independene.
Denition 3.2. Following Pillay, we say that a theory T has geometri
elimination of imaginaries if for any model M |= T and any imaginary ele-
ment e ∈ dcleq(M), there is some nite x ⊂M suh that acleq(e) = acleq(x).
We say that a model M weakly eliminates imaginaries if Th(M) does.
Theorem 3.2.1. LetM be a weakly ω-stable model whih satises the Steinitz
exhange property for the algebrai losure and whih has weak elimination of
imaginaries. Then Th(M) is þ-minimal and has global Uþ-rank 1. Moreover,
U
þ(A) = dimalg(A).
Proof. By 2.2.3 and 3.1.2 it is enough to show that for any a ∈M1 and any
A ⊂M , Uþ(a/A) ≤ 1 .
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We proeed by ontradition. Suppose we have some b ∈ M1 suh that
U
þ(b) ≥ 2. By denition there are nite A,C ⊂ M suh that p(x,A) :=
tp(b/A) is non-algebrai and there is some formula φ(x,A) ∈ p(x,A) suh
that
{φ(x,A′)}A′|=tp(A/C)
is k-inonsistent and tp(A/C) is non-algebrai. Using weak elimination of
imaginaries, we may replae A and C by tuples of elements in M1.
Claim 3.2.2. We may assume without loss of generality that b is not alge-
brai over A ∪ C.
Proof. Sine φ(C, A) is non algebrai it is unbounded so there is some b′ ∈ C
satisfying φ(x,A) and suh that b′ is not algebrai over A ∪ C. By weak
ω-saturation, we an nd suh a b in M . 
{φ(x,A′)}A′|=tp(A/C) is k-inonsistent so tp(A/Cb) is algebrai. Sine
tp(A/C) is not algebrai by denition and A and C are tuples, we an apply
Steinitz exhange property repeatedly and eventually we get that tp(b/AC)
is algebrai, a ontradition. 
4. Two Examples of Rosy Theories
4.1. Pseudo Real Closed Fields. In [GvdDM81℄, Cherlin, van den Dries
and Maintyre proved that the theory of a bounded pseudo-algebraially
losed eld
2
is deidable and therefore behaves niely in a model theoreti
sense. In a series of papers (see [Hru91℄, [Cha99℄ and [CP98℄), Hrushovski,
Chatzidakis and Pillay proved that any suh theory (the theory of a bounded
pseudo-algebraially losed eld) is simple; even more, they proved that a
pseudo-algebraially losed eld is simple if and only if it is bounded.
In [Pre81℄, Prestel dened the theory of pseudo real losed elds (PRC-
elds) whih inludes ordered (or orderable) elds that are lose to being
real losed elds (in the same sense in whih PAC elds are lose to being
algebraially losed). Prestel's denition states that a eld F is a PRC-eld
if any absolutely irreduible variety that has a K-rational point in every real
losed eld K ontaining F , has an F -rational point. This denition is a
strit generalization of PAC-elds (there are no real losed elds ontaining
a PAC-eld so the ondition of having a rational point in every real losure
beomes vauous) and works niely when trying to desribe the possible
absolute Galois groups of a PRC-eld.
We work with a denition loser to the one used in [Hru91℄ for PAC-elds.
We work inside a two sorted struture; let (D,F ) be a pair of ordered elds
suh that D is the real losure of F and suh that if V is an open ell in Dn
suh that the (topologial) losure of V is dened as the real zeros of an
2
A eld F is pseudo-algebraially losed (PAC) if and only if any absolutely irreduible
variety dened by polynomials with oeients in F has an F -rational point. A PAC eld
is bounded if the absolute Galois group is small: this is, if for any n ∈ N the number of
elements in Gal(acl(F ) : F ) of degree n is nite.
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absolutely irreduible variety denable over F , then V has F -rational points.
Let T = Th((D,F )).
The rst thing we show is that this denition is not far from the one stated
in [Pre81℄.
Claim 4.1.1. For any PRC-eld (in the sense of Prestel) F , if D is the real
losure of F , then (D,F ) |= T .
Proof. In [Sh00℄ Theorem 2.1 Shmid proved that if F is a PRC-eld and
V is an absolutely irreduible ane variety denable over F then the set of
F -rational points in V is a dense subset (in the order topology) of the set of
D-rational points in V . The laim follows. 
In the rest of the setion we prove that if F is a bounded PRC eld, then
T is rosy. In fat we prove the following theorem.
Theorem 4.1.2. Let F be a bounded, PRC eld. Let T ∗ be Th((F, a)a∈N )
where N is an elementary submodel of F . Then T ∗ has elimination of imag-
inaries and algebrai losure satises Steinitz exhange property.
Both the proofs of elimination of imaginaries and Steinitz exhange prop-
erty rely on the proofs given by Hrushovski for perfet PAC elds in [Hru91℄.
Lemma 4.1.3. Let F be a PRC eld, let D be its real losure and let i =√−1. Then F (i) is a perfet PAC-eld and D(i) is its algebrai losure.
Proof. Let V be an absolutely irreduible variety denable over F (i). We
want to show that V has F (i)-rational points.
Being irreduible is a property that an be determined by looking at the
restritions of V inside an open ane over, so we an assume that V is
an ane variety, V = Spec(F (i)[x¯]/I) where I is an ideal generated by
polynomials {p1, . . . pm}.
For any a ∈ F (i) let ac be the omplex onjugate of a and let ar, aim be
elements in F suh that a = ar + iaim. We dene pci , V
c
and V R in the
following way. Let a¯ := 〈ai〉i≤n be a tuple in F (i). Let V c be the variety
suh that for all a, a¯ ∈ V if and only if ac := 〈aci 〉i≤n is a tuple in V c; let pci
be a polynomial suh that for all x, pi(x) = 0 if and only if p
c
i (x
c) = 0 so
that
V c = Spec (F (i)[x¯]/ 〈pc1, . . . pcm〉) .
Finally, let V R be the smallest variety suh that a¯ ∈ V if and only if
aR :=
〈
ari , a
im
i
〉
i≤n
∈ V R.
In partiular, if a tuple 〈aj, bj〉 is in V R then for any q(x) ∈ I, q(〈aj〉 +
i 〈bj〉) = 0 and qc(〈aj〉 − i 〈bj〉) = 0.
Claim 4.1.4. The map
σ : V × V c → F (i)2n
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dened by sending
(〈aj〉 , 〈acj〉) to

〈aj〉+
〈
acj
〉
2
,
〈aj〉 −
〈
acj
〉
2i

 = (〈arj , aimj 〉j≤n
)
is an isomorphism from V × V c onto V R.
Proof. The omposition of the natural map V → V × V c with σ sends a
tuple a¯ in V to aR. By denition the image of σ ontains V R.
Now, given any tuple 〈aj , bj〉i≤n in V R, onsider the map τ that sends
〈aj , bj〉 to the pair (〈aj + ibj〉 , 〈aj − ibj〉). For any q(x) ∈ I, q(aj + ibj) = 0
and q(aj−ibj) = 0; by denition, (〈aj + ibj〉 , 〈aj − ibj〉) ∈ V ×V c and taking
the omposition of the two maps we nd that τ is the inverse of σ. 
Corollary 4.1.5. If V is irreduible, so is V R.
Proof. V c is isomorphi to V and therefore irreduible. The produt of two
irreduible varieties is irreduible. 
To nish the proof of the lemma, we need to show that V R is denable
over F .
Claim 4.1.6. For any a, b, b
c+ac
2 =
(
a+b
2
)c
and
bc−ac
2i =
(
a−b
2i
)c
.
Proof. The rst equality in the laim is lear. For the seond part, a simple
alulation shows that for any d ∈ D(i), (d/i)c = (−dc)/i; taking d = a− b
proves the laim. 
Corollary 4.1.7. Given any a¯ and b¯, if
(
a¯, b¯
)
is in V R then the onjugate(
ac, bc
)
is in V R and therefore V R is denable over F .
Proof. Sine addition and multipliation by onstants an be done in eah
oordinate of a tuple, we an apply laim 4.1.6 to a¯ and b¯. By 4.1.4 there
are (c¯, d¯) in V × V c suh that(
a¯, b¯
)
=
(
c¯+ d¯
2
,
c¯− d¯
2i
)
.
By denition, (dc, cc) is also in V × V c and using 4.1.4 one again,(
dc + cd
2
,
dc − cc
2i
)
=
(
ac, bc
)
is in V R. By hypothesis V R ∼= V ×V c is denable over F (i) so V R is in fat
denable over F . 
To nish the proof of lemma 4.1.3 note that D(i) is algebraially losed
so V has D(i)-rational points. Taking the image of suh points in V R (the
real and imaginary omponents of the D(i)-rational points ontained in V )
we get that V R(D) is non-empty. By denition of PRC-elds there is some
F -rational point 〈aj , bj〉 in V R and 〈aj + ibj〉 is an F (i)-rational point in V .
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Sine V was any irreduible F (i)-denable variety, every absolutely irre-
duible variety denable over F (i) has F (i)-rational points. 
To prove theorem 4.1.2 we follow the proofs of weak elimination of imagi-
naries for PAC-elds (orollary 3.2 in [Hru91℄) and of orollary 1.9 in [Hru91℄.
Let L be the language of ordered elds, let L− be the language of elds
and let L+ be the language of ordered elds with a prediate F representing
a pseudo real losed subeld of D. T an then be interpreted as a theory in
the language L+. Notie that for any model M := (D,F ) |= T , the theory
ThL(M) is the theory of real losed elds. From now on we only work with
bounded pseudo real losed elds and T is understood to be the theory of a
bounded PRC-eld.
For any element a and any set B in D, let tp(a/B) and tp+(a/B) be the
type of a over B in the languages of L and L+ respetively.
We dene the eld-denable losure in the following way: given some set
A, the eld denable losure of A (dclfield(A)) is the set of elements that are
denable using quantier free formulas in the language L−(A). Note that
any eld-denable element an be seen as the only element of an irreduible
variety, so F is eld-denably losed.
Let M := (D,F ) be a model of the theory T (with F a bounded PRC-
eld) and let M(i) := (D(i), F (i)). A substruture M0 of M is said to be
full if it is algebraially losed and aclL−(F
M ) ⊆ dclfield(FM ∪aclL−(FM0)).
Remark 4.1.8. If M1 is a model of T and M0 is a full submodel of M1,
then M0(i) is a full submodel of M1(i).
Proof. We need to show that M0(i) is a submodel of M1(i), that Dj(i) is
algebraially losed for j = 0, 1 and the fullness ondition. Both D0 and
D1 are real losed elds so both D0(i) and D1(i) are algebraially losed.
The other onditions follow from the fat that all the eld operations
inside Mj(i) (and therefore the theory) are interpretable inside Mj using
only quantier free formulas in L−. 
Remark 4.1.9. If M1 is a model of T and M0 is a submodel of M1, then
M0 is a full submodel of M1.
Proof. Let M0 = (D0, F
M0) be a submodel of M1. By 4.1.3, M0(i) is a
submodel of M1(i) and by [Hru91℄ it is a full submodel so
M1(i) ⊆ dclfield
(
FM1(i) ∪ acl (FM0(i)))
understanding acl in the PAC-eld sense. One again, the interpretability
of the struture FM1(i) ∪ FM0(i) in FM1 ∪ FM0 ↾L− proves the remark. 
The following lemma is key for muh of the rest of the proof. We prove
that the algebrai losure of a subset of F is in the eld-denable losure of
the union of F and a full submodel.
Lemma 4.1.10. Let M be a model of a (bounded PRC) theory T and M0
a full submodel. Suppose FM0 ⊆ C ⊆ FM , acl(C) ∩ FM = C and a ∈
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acl(C) for some a. Then there exists e ∈ dclfield(a,C) ∩ M0 suh that
a ∈ dclfield(e, C).
Proof. As with the previous two remarks we an prove the lemma using the
analogue result for PAC-elds (lemma 1.5 in [Hru91℄) and interpretability of
C(i) and M0(i) by quantier free formulas in L−(C) and L−(M0) respe-
tively. 
Proposition 4.1.11. Let T,M and M0 be as in the lemma above. Let A be
an algebraially losed subset of M that ontains M0. Then T ∪ diag(A) is
omplete (in the added language).
Proof. The proof is the same as the proof of proposition 1.6 in [Hru91℄ one
we hange stationary formulas to (our orresponding) open subsets (in the
order topology) of irreduible ane varieties and dcl to dclfield. 
The following orollaries follow straight from the proofs of orollaries 1.7,
1.8 and 1.9 in [Hru91℄.
Corollary 4.1.12. T is model omplete.
Corollary 4.1.13. A submodel M0 of a model M of T is a full submodel if
and only if it is algebraially losed, full and FM0 is a PRC subset of M0.
Corollary 4.1.14. Let M be a model of T , M0 a full submodel. Then
algebrai losure (in L+) over M0 in M and oinides with eld algebrai
losure over M0.
We an now prove the theorem.
Proof. (of theorem 4.1.2)
Let M be a bounded large saturated PRC eld, let e ∈ dcleq(FM ) be an
imaginary element and let N be an elementary submodel of F . By lemma
4.1.3 we know that N(i) is an elementary submodel of F (i). By [Hru91℄
orollary 3.2 (elimination of imaginaries for bounded PAC strutures) e is
interdenable with some tuple c ∈ F (i) in the struture (F (i), a)a∈N . By
interpretability of F (i) in F ↾ L− we an nd suh a c in F whih proves e.i.
for (F, a)a∈N .
Now, let N be the real losure of N . By orollary 4.1.13 (N,N ) is a full
submodel of M and by orollary 4.1.14 algebrai losure in M and in M |L
oinide one we add onstants for all the elements in N . Therefore, alge-
brai losure in (F, a)a∈N is the eld algebrai losure so it satises Steinitz
exhange property.
By theorem 3.2.1, T ∗ is þ-minimal. But being þ-minimal is a property
that is invariant under adding onstants, so T is þ-minimal. 
4.2. Model Companions of Large dierential Fields of Charateris-
ti 0. In [Tre℄, Marus Tressl introdued a rst order theory in the language
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of dierential rings with k derivatives alled UC3 with the property that if T
is the theory of a dierential eld (in the language of dierential rings) suh
that the restrition T field of T to the language of elds is model omplete
and has large models, then T ∗ := T field ∪UC is the model ompanion of T .
We prove in this setion that if T field is rosy, T ∗ is rosy. As a orollary, we
prove that if T field is stable then T ∗ is stable.
In this setion we work with a theory T in the language of dierential
rings ontaining the theory of dierential elds suh that T field is a model
omplete theory with large models. We assume the reader has familiarity
with the results and denitions in [Tre℄.
Denition 4.1. Given a omplete type p(x), let pfield(x, x1, x2, . . . , xkx11, . . . )
be the restrition of p(x) to the language of rings obtained by replaing all
the derivatives of x by free variables and let pqf (x) be the set of all quantier
free formulas in p(x).
Lemma 4.2.1. Let p(x) be a omplete type over some set A. Then, if
pfield (x¯) is onsistent with T field and pqf (x) is a onsistent dierential type,
there is some model N |= T ∗ ontaining A suh that p(x) is realized in N .
Proof. We an assume without loss of generality that A is a dierential eld.
By [Tre℄ theorem 7.1(ii), p(x) is implied by pfield (x¯) ∪ pqf (x). Let Ac
be the dierential losure of A (see [MG00℄) and let Mfield be a model
of T field suh that there is some tuple 〈a, a1, a2, . . . , ak, a11 . . . 〉 in Mfield
realizing pfield (x¯). Let F be the subeld of M generated by A ∪ {a¯I}.
Sine Ac is dierentially losed there is some a′ ∈ M c realizing pqf (x).
Let D be the dierential subeld of M c generated by {Aa′}. By denition
a′ satises pqf (x) so the tuple 〈a′, d1a′, d2a′, . . . , dka′, d1d1a′ . . . 〉 satises all
the quantier free formulas that appear in pfield and we have a map of rings
sending 〈A, a′, d1a′, d2a′, . . . , dka′, d1d1a′ . . . 〉 to 〈A, a, a1, a2, . . . , ak, a11 . . . 〉.
We an use this map to equip F with k ommuting derivatives extending
those in A in suh way that a |= pqf (x). By [Kol73℄ we an dene k ommut-
ing derivatives in Mfield extending those in F so there is some dierential
eld M suh that F is a subeld ofM and suh that Mfield is the restrition
ofM to the language of rings. By [Tre℄ theorem 6.2(II) there is a dierential
eld L extending M satisfying T ∗. By model ompleteness of T field, the
eld type of a over A is the same in M as it is in L so L |= pfield(a).
Therefore, L |= pfield(a) ∪ pqf (a) and L |= p(a). 
Corollary 4.2.2. Let T, T ∗, T field be as above, M be a model of T ∗, A ⊂ B
subsets of M . Let p(x,B) be a type over B realized by some a and let k-DCF
be the theory of losed dierential elds with k ommuting derivatives. Then,
3UC is a system of axioms that basially says that any algebraially prepared system
(a system of dierential polynomials that is onsistent with T field) has a realization.
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if T ∗ implies that p(x) strongly divides over A, either T field implies pfield
strongly divides over A or k-DCF implies pqf strongly divides over A4.
Proof. Suppose p(x) strongly divides over A in the sense of T ∗ and let q(Y,A)
be the type of B over A. By denition, there is some n ∈ N suh that
n⋃
i=1
p(x, Yi) ∪
n⋃
i=1
q(Yi, A)
is inonsistent with T ∗ and q(Y,A) is non algebrai. By lemma 4.2.1, either
n⋃
i=1
pfield(x, Yi) ∪
n⋃
i=1
qfield(Yi, A)
is inonsistent with T field, or
n⋃
i=1
pqf (x, Yi) ∪
n⋃
i=1
qqf (Yi, A)
is inonsistent with k -DCF. Sine on one hand tpfield(B/A) is preisely
qfield(Y,A) and on the other qqf (Y,A) is quantier free and we have elimi-
nation of quantiers in k -DCF, the result follows. 
Remark 4.2.3. Note that strong dividing implies forking so, by [MG00℄,
if k-DCF implies pqf strongly divides over A then the ∆-dierential rank
of the prime ideal Ip generated by dierential polynomials in p is smaller
than the dierential rank of the prime ideal Ip|A generated by the dierential
polynomials in p with oeients in A.
Theorem 4.2.4. If T field is rosy so is T ∗.
Proof. Let M be a monster model of T ∗, let A ⊂ B be (small) subsets of
M and let p(x) be a type over B whih þ-forks over A. By denition of
þ-forking this is witnessed by
p(x) ⊢
n∨
i=1
φi(x, bi)
where for eah of i we have that φi(x, bi) strongly divides over Aci for some
ci; let D := b¯i.
Claim 4.2.5. Let pfield(x) and pqf (x) be as above. Then either pfield(x)
þ-forks over A in the sense of T field or pqf (x) þ-forks over A in the sense
of k-DCF.
4
If we look in the dierential losure of M the quantier free type of a over B is
preisely pqf ; by pqf strongly dividing over A in the sense of k -DCF we mean that in the
dierential losure of M the quantier free type of a over B strongly divides over A. This
is equivalent to say that the dierential ideal of pqf has smaller dierential rank than the
dierential ideal of pqf |A (see remark below).
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Proof. Let pfield(x,D) and pqf (x,D) be types over B∪D whih are, respe-
tively, non þ-forking extensions of pfield(x) and pqf (x) in the sense of T field
and k-DCF. By lemma 4.2.1 the type pfield(x,D) ∪ pqf (x,D) is onsistent
with T ∗ so it is realized by some a ∈ M . By [Tre℄ theorem 7.1(ii) we know
that pfield(x,D) ∪ pqf (x,D) implies tp(a/BD) so by onstrution there is
some i suh that a realizes φi(x, bi). This implies that tp(a/BD) strongly
divides over Aci. By theorem 4.2.2, either p
field(x,D) þ-divides over A in
the sense of T field or pqf (x,D) þ-divides over A in the sense of k-DCF.
By onstrution neither of them þ-forks over B so transitivity of þ-forking
implies that either pfield(x) þ-forks over A in the sense if T field or pqf (x)
þ-forks over A in the sense of dierentially losed elds. 
To nish the prove of the theorem, just note that if we had an innite
þ-forking hain in a model of T ∗ we would have an innite þ-forking hain
in a model of T field or some dierential ideal with innite dierential rank.
Sine T field is rosy and k-DCF is stable, this annot happen. 
Corollary 4.2.6. If T field is stable so is T ∗.
Proof. Let M be a monster model of T ∗. Sine þ-forking is an independene
relation it is enough to show that given a small model N |= T ∗ a type p(x)
over N and some tuple a there is a unique non þ-forking extension of p(x)
to Na. Let q(x, a) and r(x, a) be two non þ-forking extensions of p(x). Let
qfield, rfield, pfield, qqf , rqf and pqf be the types obtained by restriting types
q, r and p to the language of rings and to the quantier free formulas. By
quantier elimination and stability of k-DCF we have that rqf = qqf and
by stability of T field (and therefore uniqueness of non þ-forking extensions)
rfield = qfield. Sine both q(x, a) and r(x, a) are implied by qfield ∪ qqf and
rfield ∪ rqf respetively, we onlude that r(x, a) = q(x, a) so that there is a
unique non þ-forking extension of p(x) to Na. 
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